Abstract. In this paper, the numbers of rational curves on general complete intersection Calabi-Yau threefolds in complex projective spaces are computed up to degree six. The results are all in agreement with the predictions made from mirror symmetry.
Introduction
In [2] , the string theorists Candelas, de la Ossa, Green and Parkes predicted the numbers n d of degree d rational curves on a general quintic hypersurface in 4-dimensional projective space. By similar methods, Libgober and Teitelbaum [18] predicted the numbers of rational curves on the remaining general Calabi-Yau threefolds in projective spaces. The computation of the physicists is based on arguments from topological quantum field theory and mirror symmetry. These predictions went far beyond anything algebraic geometry could prove at the time and became a challenge for mathematicians to understand mirror symmetry and to find a mathematically rigorous proof of the physical predictions. The process of creating a rigorous mathematical foundation for mirror symmetry is still far from being finished. For important aspects concerning this question, we refer to Morrison [19] , Givental [10, 11] , and Lian, Liu, and Yau [17] . For an introduction to the algebro-geometric aspects of mirror symmetry, see Cox and Katz [3] . To verify the physical predictions by algebro-geometric methods, we have to find a suitable moduli space of rational curves separately for every degree d, and express the locus of rational curves on a general Calabi-Yau threefold as a certain zero-dimensional cycle class on the moduli space. We then need in particular to evaluate the degree of a given zero-dimensional cycle class. This is possible, in principle, whenever the Chow ring of the moduli space is known. Unfortunately, in general it is quite difficult to describe the Chow ring of a moduli space. Alternatively, Bott's formula allows us to express the degree of a certain zero-dimensional cycle class on a moduli space endowed with a torus action in terms of local contributions supported on the components of the fixed point locus. The local contributions are of course much simpler than the whole space. By these methods, algebraic geometers checked the results of physicists up to degree 4: n 1 = 2875 is classically known, n 2 = 609250 has been shown by Katz [12] , n 3 = 317206375 by Ellingsrud and Strømme [6, 7] , n 4 = 242467530000 by Kontsevich [16] .
In this paper, we present a strategy for computing Gromov-Witten invariants using the localization theorem and Bott's formula. This method is based on the work of Kontsevich [16] . As an insightful example, the numbers of rational curves on general complete intersection Calabi-Yau threefolds in complex projective spaces are computed up to degree six. The results are all in agreement with the predictions made from mirror symmetry in [2, 18] . All computations have been implemented in the computer algebra system Singular [4] . The code is available from the author upon request or at https://github.com/hiepdang/Singular.
be a smooth complete intersection threefold, where X i is a smooth hypersurface of degree d i ≥ 2 for all i = 1, . . . , k. In this case, we will say that X has type (d 1 , . . . , d k ). If the canonical bundle K X on X is trivial, then X is called Calabi-Yau. By the adjunction formula [8, Example 3.2.12], we have
Suppose that X is Calabi-Yau. Then we obtain
Without loss of generality, we assume that
so k ≤ 4. Therefore there are precisely five possibilities.
(1) If k = 1, then d 1 = 5, and thus X is a quintic threefold in P 4 . (2) If k = 2, then there will be two possibilities as follows:
In this case, X is a complete intersection of type (3, 2, 2) in
In this case, X is a complete intersection of type (2, 2, 2, 2) in P 7 .
The main result of this paper, which agrees with the mirror symmetry computation, is the following theorem: 2875  1280  1053  720  512  2  609250  92288  52812  22428  9728  3  317206375  15655168  6424326  1611504  416256  4  242467530000  3883902528  1139448384  168199200  25703936  5  229305888887625  1190923282176  249787892583  21676931712  1957983744  6 248249742118022000 417874605342336 62660964509532 3195557904564 170535923200  Table 1 . The numbers of rational curves on Calabi-Yau threefolds.
Compare with [2, Table 4 ] and [18, Table 1 ] for the numbers obtained by mirror symmetry.
Gromov-Witten invariants
Gromov-Witten invariants have their origin in physics. There are several ways to define Gromov-Witten invariants using algebraic geometry or symplectic geometry. For details of the definitions and properties of Gromov-Witten invariants, we refer to [3, Chapter 7] . Roughly speaking, Gromov-Witten invariants are the intersection numbers of cycle classes in the rational Chow rings of moduli spaces of stable maps subject to certain geometric conditions on the curves. In order to define Gromov-Witten invariants in algebraic geometry, first of all we need to recall some basic facts about moduli spaces of stable maps and virtual fundamental classes.
2.1. Moduli spaces of stable maps. In [15] , Kontsevich introduced the notion of moduli spaces of stable maps. In this section, we define and state some results about these moduli spaces. We only concentrate on the case of rational curves (genus zero), but some results are still true in the general case. An introduction to this subject was given by Fulton and Pandharipande in [9] .
Let X be a smooth projective variety and fix a homology class β ∈ H 2 (X, Z). An npointed map is a morphism f : C → X, where C denotes a nodal curve 1 with n distinct marked points that are smooth on C. An n-pointed map f : C → X is called stable if its group of automorphisms is finite. We denote by M 0,n (X, β) the set of all n-pointed stable maps from a rational curve C to X such that f * [C] = β.
Theorem 2.1. [9, Theorem 1] The moduli space M 0,n (X, β) has a structure of a projective scheme.
We say that X is convex if for every morphism f :
where T X is the tangent bundle on X. The following theorem concerns the convex case.
Theorem 2.2. [9, Theorem 2] Let X be a convex variety and β ∈ A 1 (X). Then M 0,n (X, β) is a normal projective variety of pure dimension
For each marked point p i , there is a natural map
which is called the evaluation map at p i . These morphisms play an important role to relate the geometry of of M 0,n (X, β) to the geometry of X.
In case X = P r , we can write β = dℓ, where ℓ is the cycle class of a line. The moduli space M 0,n (P r , dℓ) is an orbifold which is the quotient of a smooth variety (see [3, Section 7.1.1]). By Theorem 2.2, M 0,n (P r , dℓ) is also a normal projective variety of dimension rd + r + d + n − 3. We will write M 0,n (P r , d) in place of M 0,n (P r , dℓ). For more details on the construction and properties of M 0,n (P 
for instance, in the case when X is a projective space, and more generally a convex variety.
Example 2.3. In this example, we construct the virtual fundamental class for the quintic hypersurface in P 4 . Let X ⊂ P 4 be a smooth quintic hypersurface, and let d be a positive integer. The inclusion X ⊂ P 4 induces a natural embedding
where ℓ is the class of a line. Let V d be the rank 5d + 1 vector bundle on the stack M 0,0 (P 4 , d) whose fiber over a stable map f :
where
, and C Z Y is the normal cone to Z in Y . For details of the definition and properties of normal cones we refer to [8, Section 2.5].
Defining Gromov-Witten invariants.
Definition 2.4. Let X be a smooth projective variety and let β ∈ A 1 (X) be a cycle class. The Gromov-Witten invariant of β associated with the cycle classes γ 1 , . . . , γ n ∈ A * (X) is the rational number defined by
where ∪ is the cup product. Note that we have to use the cup product since the moduli space M 0,n (X, β) is a singular variety. For the definition of the cup product, we refer to [14, Section 4.1.2]. In case n = 0, we denote the Gromov-Witten invariant of the cycle class β ∈ A 1 (X) by
that is the degree of the virtual fundamental class
Example 2.5. Let X ⊂ P 4 be a smooth quintic hypersurface. We have shown in Example 2.3 that the virtual fundamental class
virt is a cycle class on M 0,0 (X, dℓ). By Definition 2.4, we have the Gromov-Witten invariant
By [3, Lemma 7.1.5], we have
This will lead to a nice formula of the form
In Section 5, we will present how to compute this integral using the localization of M 0,0 (P 4 , d) and Bott's formula.
The natural action of T = (C * ) r+1 on P r induces an action of T on M 0,0 (P r , d) by the composition of the action with stable maps. The fixed point loci and their equivariant normal bundles were determined for M 0,0 (P r , d) by Kontsevich in [16] . We denote the set of fixed points by M 0,0 (P r , d) T . A fixed point of the T -action on M 0,0 (P r , d) corresponds to a stable map (C, f ) where each irreducible component C i of C is either mapped to a fixed point of P r or a multiple cover of a coordinate line. Each node of C and each ramification point of f is also mapped to a fixed point of P r . Thus each fixed point (C, f ) of the T -action on M 0,0 (P r , d) can be associated with a graph Γ. Let q 0 , . . . , q r be the fixed points of P r under the torus action.
(1) The vertices of Γ are in one-to-one correspondence with the connected components
, where each C i is either a point or a non-empty union of irreducible components of C.
(2) The edges of Γ correspond to irreducible components C e of C which are mapped onto some coordinate line l e in P r .
The graph Γ has the following labels: Associate to each vertex v the number i v defined by f (C v ) = q iv . Associate to each edge e the degree d e of the map f | Ce . The connected components of M 0,0 (P r , d) T are naturally labelled by equivalence classes of connected graphs Γ. Furthermore, the following conditions must be satisfied:
(1) If an edge e connects v and v ′ , then i v = i v ′ , and l e is the coordinate line joining
We denote the number of edges connected to v by val(v). The stable maps associated with the fixed graph Γ define a subspace
The data consisting of C v plus these val(v) points forms a stable curve, giving an element of M 0,val (v) . Using the data of Γ, we can construct a map
See [3, Section 9.2.1] for more details of this construction. Note that val(v) can be defined for all vertices v and that dim C v = 1 if and only if C v contains a component of C contracted by f if and only if val(v) ≥ 3. We define
If there are no contracted components, then we let F Γ be a point. The map ψ Γ is finite.
There is a finite group of automorphisms A Γ acting on F Γ such that the quotient space is M Γ . The group A Γ fits into an exact sequence
where Aut(Γ) is the group of automorphisms of Γ which preserve the labels. We denote a Γ by the order of A Γ . This number appears in the denominator of the formula in [3, Corollary 9.1.4].
Example 3.1. Let us describe the fixed point components of the natural action of T on M 0,0 (P r , 1). The possible graphs are of the following type:
In these labelled graphs, we have added the labels i, j ∈ {0, 1, . . . , r} with i = j below the vertices and the degree 1 above the edge. For each graph, it is easy to see that | Aut(Γ i,j )| = 2, hence we have a Γ i,j = 2. For example, in the case of M 0,0 (P 4 , 1), there are 20 graphs. Example 3.2. Let us describe the fixed point components of the natural action of T on M 0,0 (P r , 2). The possible graphs are of the following types:
Note that i, j, k ∈ {0, 1, . . . , r}, and the vertices of an edge must have different labels. For each type, it is easy to see that | Aut(Γ i )| = 2, hence a Γ 1 = 4 and a Γ 2 = 2. For instance, if r = 1, then there will be 4 graphs. If r = 4, then there will be 100 graphs.
Example 3.3. In the case of M 0,0 (P r , 3), the possible graphs have the following types:
Note that i, j, k, h ∈ {0, 1, . . . , r}, and the vertices of an edge must have different labels. It is easy to see that | Aut(Γ 1 )| = 2, | Aut(Γ 2 )| = 1, | Aut(Γ 3 )| = 2, and | Aut(Γ 4 )| = 6. Hence a Γ 1 = 6, a Γ 2 = a Γ 3 = 2, and a Γ 4 = 6.
Example 3.4. In the case of M 0,0 (P r , 4), the possible graphs have the following types:
Note that i, j, k, h, m ∈ {0, 1, . . . , r}, and the vertices of an edge must have different labels. For these graphs, we have
, and a Γ 9 = 24.
Example 3.5. In the case of M 0,0 (P r , 5), in addition to the analogues of the graphs above, we have the following graphs:
Note that i, j, k, h, m, n ∈ {0, 1, . . . , r}, and the vertices of an edge must have different labels. For these graphs, we have a Γ 1 = a Γ 2 = a Γ 3 = 2, a Γ 4 = 6, a Γ 5 = 8, and a Γ 6 = 120.
Example 3.6. In the case of M 0,0 (P r , 6), in addition to the analogues of the graphs above, we have the following graphs: Note that i, j, k, h, m, n, p ∈ {0, 1, . . . , r}, and the vertices of an edge must have different labels. For these graphs, we have a
, a Γ 10 = 24, and a Γ 11 = 720.
In order to apply Bott's formula to M 0,0 (P r , d), we need a formula for computing the T -equivariant Euler class of the normal bundle N Γ of M Γ . We define a flag F of a graph to be a pair (v, e) such that v is a vertex of e. Put i(F ) = v and let j(F ) be the other vertex of e. Set
This corresponds to the weight of a torus action on the tangent space of the component C e of C at the point p F lying over i v . If v is a vertex with val(v) = 1, then we denote by F (v) the unique flag containing v. If val(v) = n ≥ 2, then we denote by F 1 (v), F 2 (v), . . . , F n (v) the n flags containing v. We also denote by v 1 (e) and v 2 (e) the two vertices of an edge e.
Theorem 3.7 (Kontsevich, [16]). The T -equivariant Euler class of the normal bundle N Γ is a product of contributions from the vertices and edges. More precisely, we have
where e v Γ and e e Γ are defined by the following formulas:
Proof. A proof of this theorem can be found in [16, Sections 3.3.3 and 3.3.4] .
The formulas in Theorem 3.7 give an effective way to compute e T (N Γ ). We will work out the nontrivial examples of these formulas in the next section.
Lines on hypersurfaces
In this section, we reconsider the problem of counting lines on a general hypersurface of degree d = 2r − 3 in P r . This problem was considered in [5, Chapter 8] using classical Schubert calculus. In this section, we use the localization of M 0,0 (P r , 1) and Bott's formula for solving the problem.
Given a general hypersurface X of degree d = 2r − 3 in P r and the class ℓ ∈ H 2 (X, Z), we compute the Gromov-Witten invariant
By arguments similar to those in Example 2.5, we have the following formula:
where E r is the vector bundle on M 0,0 (P r , 1) whose fiber at a stable map f :
). By Example 3.1, there are r(r + 1) graphs Γ i,j corresponding to the fixed point components of the natural action of T on M 0,0 (P r , 1). By arguments similar to those in the paper of Kontsevich (see [16] , Example 2.2) and using Corollary 9.1.4 in [3] , we obtain:
,
is defined by the following formula:
Since each graph Γ i,j has two vertices and one edge, we have d e = 1, i v 1 (e) = i, i v 2 (e) = j, and val(v) = 1. Thus we have
For computing e T (N Γ i,j ), we use the formulas coming from Theorem 3.7. More precisely, we have
Since a Γ i,j = 2 for all Γ i,j , we have 
By [14, Example 2.1.15], the moduli space M 0,0 (P r , 1) is isomorphic to the Grassmannian G(2, r +1) of lines in P r . In this case, using arguments similar to those in [3, Example 7.1.3.1], we construct the virtual fundamental class [M 0,0 (X, ℓ)] virt as follows. Let S be the tautological subbundle on the Grassmannian G(2, r + 1). The fiber S ℓ at a line ℓ is the 2-dimensional subspace of C r+1 whose projectivization is ℓ. An equation for X gives a section s of the vector bundle Sym 2r−3 S ∨ . Then M 0,0 (X, ℓ) is the zero locus of s. This contribution produces the cycle class
where 
where i : M 0,0 (X, ℓ) ֒→ G(2, r + 1) is an embedding. This will lead to the following formula:
In summary, we have the following theorem:
Theorem 4.1. Let X ⊂ P r be a general hypersurface of degree 2r − 3. The number of lines on X is given by 0≤i<j≤r a,b∈N,a+b=2r−3
Proof. By [5, Chapter 8] , the number of lines on X is finite and can be computed by the following formula:
The induced action on M 0,0 (P r , 1) gives us formula (3). By (4), we get the desired formula.
Note that all of the λ i cancel as they must, and the answer is computed to be the number of lines on X, which depends only on n. Some numbers of lines are listed in Table 2 . Table 2 . The numbers of lines on a general hypersurface of degree d = 2r − 3 in P r .
Rational curves on quintic threefolds
Let X ⊂ P 4 be a general quintic threefold and d be a positive integer. An important question in enumerative geometry is how many rational curves of degree d there are on X. It has already been mentioned that the string theorists can compute the numbers n d of rational curves of degree d on a general quintic threefold via topological quantum field theory. By the algebro-geometric methods, the mathematicians checked these results up to degree 4. We here present how to use the localization of M 0,0 (P 4 , d) and Bott's formula for verifying these results up to degree 6.
Alternatively, we need to compute the Gromov-Witten invariant of class β = dℓ ∈ H 2 (X, Z), that is
By Example 2.5, we have 
, where the sum runs over all graphs corresponding the fixed point components of the natural action of T on M 0,0 (P 4 , d), and c
,a+b=5de
We illustrate the computation of the numbers N 1 , N 2 , N 3 , N 4 , N 5 , N 6 by Singular as follows:
> LIB "schubert.lib"; > ring r = 0,x,dp; > for (int d=1;d<=6;d++) {rationalCurve ( 
In particular, we have
Thus we have The results are in agreement with [2, Table 4 ] up to degree 6.
Rational curves on complete intersections
Using the method applied to the quintic hypersurfaces in P 4 , we can also deal with any complete intersection of hypersurfaces. In Section 1.1, we have already shown that there are five complete intersection Calabi-Yau threefolds of type (d 1 , . . . , d k ) in P k+3 . In this section, we present how to compute the numbers of rational curves of degree d on general complete intersection Calabi-Yau threefolds using the localization of moduli spaces of stable maps and Bott's formula.
Let X be a general complete intersection Calabi-Yau threefold of type (d 1 , . . . , d k ) in P k+3 and let d be a positive integer. We need to compute the Gromov-Witten invariant of the cycle class dℓ ∈ A 1 (X), that is
By arguments similar to those in [3, Example 7.1.5.1], we construct the virtual funda-
be the vector bundle on the moduli space M 0,0 (P k+3 , d) whose fiber over a stable map f :
In this case, M 0,0 (X, dℓ) is the zero locus of a general section s of V
, and C Z Y is the normal cone to Z in Y . By [3, Lemma 7.1.5], we obtain
) is an embedding. This implies the following formula:
In other words, we have
is the vector bundle on the moduli space M 0,0 (P k+3 , d) whose fiber over a stable map f :
is V d in the quintic case. Therefore, we have the following formula:
Using Corollary 9.1.4 in [3] , we have
, where the sum runs over all graphs corresponding to the fixed point components of a torus action on M 0,0 (P k+3 , d). For each graph Γ and each i, the T -equivariant Chern class c
is computed by the following formula:
where the products run over all the edges and vertices of Γ. We illustrate the computation of the numbers N by Singular as follows:
> LIB "schubert.lib"; > ring r = 0,x,dp; > list l = list(4,2),list (3, 3) ,list(3,2,2),list(2,2,2,2); > for (int i=1;i<=4;i++) {rationalCurve(1,l[i]);} 1280 1053 720 512
These results are the numbers n The numbers n are computed as follows:
